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Abstract 

We study the theory of scattering for the Maxwell-Schrodinger system 
in the Coulomb gauge in space dimension 3. We prove in particular the 
existence of modified wave operators for that system with no size restriction 
on the magnetic field data in the framework of a direct method which requires 
smallness of the Schrodinger data, and we determine the asymptotic behaviour 
in time of solutions in the range of the wave operators. 
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1 Introduction 



This paper is devoted to the theory of scattering and more precisely to the 
construction of modified wave operators for the Maxwell-Schrodinger system (MS) 3 
in 3 + 1 dimensional space time. That system describes the evolution of a charged 
nonrelativistic quantum mechanical particle interacting with the (classical) electro- 
magnetic field it generates. It can be written as follows : 

' idfU = -(1/2)Aau + Aqu 

< nAo-dt{dtAo + V ■A)^\u\^ (1.1) 

^ DA + V {dtAo + V ■ A) = lm uVau . 

Here u and {A, Aq) are respectively a complex valued function and an IR"^^^ vahied 
function defined in space time IR^^^, = V — iA , = and □ = — A is the 
d'Alcmbcrtian in IR^^^ . We shall consider that system exclusively in the Coulomb 
gauge V ■ A = 0. In that gauge, one can replace the system (1.1) by a formally 
equivalent one in the following standard way. The second equation of (1.1) can be 
solved for Aq by 

Ao = -A->|2 = (47r|a;|)-^ * \u\^ = g{\u\') (1.2) 

Substituting (1.2) into the first and last equations of (1.1) yields the new system 

' idtu^ - [1/2)/^ au + g{\u\^)u 

(1.3) 

□A = P Im uS/au 

where P — t — VA~^V is the projector on divergence free vector fields, together 
with the Coulomb gauge condition V ■ A — Q which is formally preserved by the 
evolution. Prom now on we restrict our attention to the system (1.3). 

The (MS) 3 system is known to be locally well posed in sufficiently regular spaces 
[11] [12] and to have global weak solutions in the energy space [9] in various gauges 
including the Coulomb gauge. However that system is so far not known to be 
globally well posed in any space. 

A large amount of work has been devoted to the theory of scattering for nonlinear 
equations and systems centering on the Schrodinger equation, in particular for non- 
linear Schrodinger (NLS) equations, Hartree equations, Klein-Gordon-Schrodinger 
(KGS), Wave- Schrodinger (WS) and Maxwell-Schrodinger (MS) systems. As in the 
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case of the linear Schrodinger equation, one must distinguish the short range case 
from the long range case. In the former case, ordinary wave operators are expected 
and in a number of cases proved to exist, describing solutions where the Schrodinger 
function behaves asymptotically hke a solution of the free Schrodinger equation. In 
the latter case, ordinary wave operators do not exist and have to be replaced by 
modified wave operators including a suitable phase in their definition. In that re- 
spect, the (MS)3 system (1.1) belongs to the borderhne (Coulomb) long range case, 
because of the decay in L°° norm of solutions of the wave equation. Such is the 
case also for the Hartree equation with potential, for the Wave-Schrodinger 

system (WS)3 in IR^'^^ and for the Klein-Gordon-Schrodinger system (KGS)2 in 

The construction of modified wave operators for the previous long range equa- 
tions and systems has been tackled by two methods. The first one was initiated in 
[13] on the example of the NLS equation in and subsequently applied to the 

NLS equation in IR^'^^ and IR^'^^ and to the Hartree equation [1], to the (KGS)2 
system [14] [15] [16] [17], to the (WS)3 system [18] and to the (MS)3 system [19] [21]. 
That method is rather direct, starting from the original equation or system. It will 
be sketched below. It is restricted to the (Coulomb) limiting long range case, and 
requires a smallness condition on the asymptotic state of the Schrodinger function. 
Early applications of the method required in addition a support condition on the 
Fourier transform of the Schrodinger asymptotic state and a smallness condition of 
the Klein-Gordon or Maxwell field in the case of the (KGS)2 or (MS)3 system respec- 
tively [14] [21]. The support condition was subsequently removed for the (KGS)2 
and (MS) 3 system and the method was apphed to the (WS)3 system without a 
support condition, at the expense of adding a correction term to the Schrodinger 
asymptotic function [15] [18] [19]. The smallness condition of the KG field was then 
removed for the (KGS)2 system, first with and then without a support condition 
[16] [17]. Finally the smallness condition on the wave field was removed for the 
(WS)3 system, without a support condition or a correction term to the Schrodinger 
asymptotic function [8]. 

In the present paper, we extend the results of our previous paper [8] from the 
(WS)3 system to the (MS)3 system in the Coulomb gauge (1.3). In particular we 
prove the existence of modified wave operators without any smallness condition on 
the magnetic potential A, and without a support condition or a correction term 
on the asymptotic Schrodinger function. In addition, in the same spirit as in [8], 
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we treat the problem in function spaces that are as large as possible, namely with 
regularity as low as possible. As a consequence, we require only a much lower 
regularity of the asymptotic state than in previous works. 

For completeness and although we shall not make use of that fact in the present 
paper, we mention that the same problem for the Hartree equation and for the (WS)3 
and (MS) 3 system can also be treated by a more complex method where one first 
applies a phase-amplitude separation to the Schrodinger function. The main interest 
of that method is to remove the smallness condition on the Schrodinger function, 
and to go beyond the Coulomb hmiting case for the Hartree equation. That method 
has been apphed in particular to the (WS)3 system and to the (MS)3 system in a 
special case [4] [5] [6] . 

We now sketch briefly the method of construction of the modified wave operators 
initiated in [13]. That construction basically consists in solving the Cauchy problem 
for the system (1.3) with infinite initial time, namely in constructing solutions {u, A) 
with prescribed asymptotic behaviour at infinity in time. We restrict our attention 
to time going to +00. That asymptotic behaviour is imposed in the form of suitable 
approximate solutions {ua,Aa) of the system (1.3). The approximate solutions are 
parametrized by data {u+, A^, A^) which play the role of (actually would be in 
simpler e.g. short range cases) initial data at time zero for a simpler evolution. One 
then looks for exact solutions {u,A) of the system (1.3), the difference of which 
with the given asymptotic ones tends to zero at infinity in time in a suitable sense, 
more precisely, in suitable norms. The wave operator is then defined traditionally 
as the map J1+ : {u+,A+,A+) — > (u, A,dtA){0). However what really matters is 
the solution (u, A) in the neighborhood of infinity in time, namely in some interval 
[T, 00) , and we shall restrict our attention to the construction of such solutions. 
Continuing such solutions down to i = is a somewhat different question, connected 
with the global Cauchy problem at finite times, which we shall not touch here, 
especially since the (MS)3 system is not known to be globally well posed in any 
function space. 

The construction of solutions {u, A) with prescribed asymptotic behaviour {ua, Aa) 
is performed in two steps. 

Step 1 . One looks for {u, A) in the form {u, A) — («„ + v,Aa + B) with V • = 
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W ■ B — 0. The system satisfied by the new functions {v, B) can be written as 
' idtv = -{l/2)^AV + g{\u\^)v + Gi-Ri 

< 

_ nB = G2-R2 

where Gi and G2 are defined by 

Gi^iB- ^A^Ua + (1/2)5 V + ^ (|^;|2 + 2 Re UaV) Ua 

^2 = P Im {Wav + 2vVAUa) - P -Bl^aP 
and the remainders are defined by 

' Pi = idtUa + {l/2)AA,Ua - Q (IWaP) 
P2 = - P Im Ua^AaUa ■ 



;i-4) 



(1.5) 



1.6) 



It is technically useful to consider also the partly linearized system for functions 
W, B') 

{ idtv' = -{1/2) Aav' + 9{\u\'')v' + Gi-R, 

(1.7) 

nB' = (72 - P2 . 

The first step of the method consists in solving the system (1.4) for {v,B), with 
{v, B) tending to zero at infinity in time in suitable norms, under assumptions on 
{uai Ag) of a general nature, the most important of which being decay assumptions 
on the remainders Pi and P2. That can be done as follows. One first solves the 
linearized system (1.7) for [v' , B') with given [v, B) and initial data {v' , B')(to) — 
for some large finite to. One then takes the limit to ^ 00 oi that solution, thereby 
obtaining a solution {v',B') of (1.7) which tends to zero at infinity in time. That 
construction defines a map : (v, B) — > {v\ B'). One then shows by a contraction 
method that the map (f) has a fixed point. That first step will be performed in 
Section 2. 



Step 2. The second step of the method consists in constructing approximate asymp- 
totic solutions {ua,Aa) satisfying the general estimates needed to perform Step 1. 
With the weak time decay allowed by our treatment of Step 1, one can take the 
simplest version of the asymptotic form used in previous works [6] [19] [21]. Thus 
we choose 

Ua = MD exp(-i(/7)t(;+ (1.8) 
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where 

M = M{t) = exp{ix'^/2t) , (1.9) 

D{t) = {tt)--/'Do{t) , {Do{t)f)ix) = f{x/t) , (1.10) 

</? is a real phase to be chosen below and w+ — Fu^. We furthermore choose Aa in 
the form Aa — AQ-\- Ai where Aq is the solution of the free wave equation n^o — 
given by 

Aq — cos ut A -\- uj~^ sin ut A (l-H) 
where a; = (— A)-*^/^, and where 

Ai{t)^J dt'{ujt')-^sm{uj{t' -t))P x\ua{t')\\ (1.12) 

Substituting (1.8) into (1.12) yields 

A,(t)^r'Do(t)A, (1.13) 

where 

/CO 
dv p-^uj-^ sin(a;(i/ - 1))Dq{u)P x\w^\^ . (1.14) 

In particular Ai is constant in time. We finally choose </? by imposing 

(^(1) = , dt^ = t-^(g{\w+\^)-x-A^) (1.15) 

so that 

ip^{ent)[g{\w+\'')-x-Ar) . (1.16) 

We shall show in Section 3 that the previous choice fulfills the conditions needed 
for Step 1, under suitable assumptions on the asymptotic state («+, A+). 

In order to state our results we introduce some notation. We denote by F the 
Fourier transform, by < ■, ■ > the scalar product in and by || ■ ||r the norm in 
U = L'^(IR^), 1 < r < oo and we define 5{r) = 3/2 — 3/r. For any nonnegative 
integer k and for 1 < r < oo, we denote by Wj: the Sobolev spaces 

VF/^ = I M :|| u; II = Yl II ^> llr < oo i 

[ a:0<\a\<k ) 

where a is a multiindex, so that H'^ = . We shall need the weighted Sobolev 
spaces H^''^ defined for k, s & IR hy 

H^'' ^{u:\\ u- H^^' II = II (1 + x''y/\l - A)'=/2ii ||2 < oo} 
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so that H'^ — H^'^. For any interval /, for any Banach space X and for any q, 
1 < 5 < oo, we denote by L'^{I,X) (resp. Ll^^{I,X)) the space of integrable 
(resp. locally integrable) functions from 7 to X if < oo and the space of 
measurable essentially bounded (resp. locally essentially bounded) functions from I 
to X if g = oo. For any h e oo), iR"*"), non increasing and tending to zero at 
infinity and for any interval I C [1, oo), we define the space 

X{I) = {(^;, B):ve C{I, H^) n C^{I, L^), 

II {v,B)-X{I) II = Sup h{t)-H II v{t)-H^ II + II dtv{t) II2 + II v-L'^'^J^Wl) \\ 
tei ^ 

+ II B;L\j,Wl) II + II dtB-L\j,L*) || ) < 00} (1.17) 

where J = [t, 00) fl /. 

We can now state our result. 

Proposition 1.1. Let h{t) = t-\2 + In tf and let X{-) he defined by (1.17). Let 
Ua he defined by (1.8) withw^ = Fu^ and with defined by (1.16) (1.2) (1.14)- Let 
Aa = Ao+Ai withAo definedby (1.11) and Ai by (1.13) (I.I4). Letu+ E H^'^nH^'^ 
with II xw^ II4 and \\ II3 sufficiently small. Let V^A+, VA_|_, V^(a; ■ Aj^) and 
V{x ■ A+) e Wl with A+, X ■ A+ e L"^ and A+, x ■ A+ e L^/^ and let V • ^+ = 
V-i+ = 0. 

Then there exists T , 1 < T < 00 and there exists a unique solution {u, A) of 
the system (1.3) such that {u — Ua,A — Aa) G X{[T, 00)). Furthermore V{A — Aa), 
dt{A — Aa) e C{[T, 00), L^) and A satisfies the estimate 

\\V{A-Aa){t)\\2 V \\dt{A-Aa){t)\\2<Ct-^/\2 + £nt)^ (1.18) 

for some constant C depending on (ii+, A+, A^) and for allt>T. 

Remcirk 1.1 The only smallness conditions bear on || xw+ \\i and on || w+ Us and 
are required by the magnetic interaction and the Hartree interaction (1.2) respec- 
tively. In particular there is no smallness condition on (A+, A+). 

Remcirk 1.2. The assumptions A+, x ■ A^ e and A+, x ■ A^ e L^/^ serve to 
exclude the occurence of constant terms in ^4+, x • ^4+, A^, x ■ Aj^ and of terms 
linear in x in x ■ but are otherwise implied by the Wl assumptions on those 
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quantities through Sobolev inequahties. 

Remcirk 1.3. The assumptions on imply that co^^^A^, u'^^^A^ e 

through Sobolev inequahties, and therefore also that A+ e L^. As a con- 

sequence the free wave solution Aq defined by (1.11) belongs to L^{IR,Wl) by 
Strichartz inequalities, with dtAo e L^{IR,L^) [3]. In particular Aq satisfies the 
local in time regularity of B required in the definition of the space X{-). Further- 
more V^o, dtA^ e (C n L°°){IR, L'^), namely Aq is a finite energy solution of the 
wave equation. 

2 The Cauchy problem at infinite initial time 

In this section we perform the first step of the construction of solutions of the 
system (1.3) as described in the introduction, namely we construct solutions {v,B) 
of the system (1.4) defined in a neighborhood of infinity in time and tending to 
zero at infinity under suitable regularity and decay assumptions on the asymptotic 
functions {ua,Aa) and on the remainders As a preliminary to that study, we 
need to solve the Cauchy problem with finite initial time for the linearized system 
(1.7). That system consists of two independent equations. The second one is simply 
a wave equation with an inhomogeneous term and the Cauchy problem with finite 
or infinite initial time for it is readily solved under suitable assumptions on the 
inhomogeneous term, which will be fulfilled in the applications. The first one is a 
Schrodinger equation with time dependent magnetic and scalar potentials and with 
time dependent inhomogeneity, which we rewrite in a more concise form and with 
slightly different notation as 

idtv ^-{1/2) Aav + Vv + f . (2.1) 

We first give some prehminary results on the Cauchy problem with finite initial 
time for that equation at the level of regularity of H'^. The following proposition is 
a minor variation of Proposition 3.2 in [7]. 

Proposition 2.1. Let I be an interval, let A e C{I, + L°°), dtA e L^^il, + 
L^), V e C{I,L' + L°°), dtV e LUI,L' + L^), f e C(/,L2) anddj G LL{I,L'). 
Let to e I and Vq & H^. Then 
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(1) There exists a unique solution v e C{I,H'^) nC^(/,L^) of (2.1) in I with 
v{to) = vq. That solution is actually unique in C{I, H^)- For all t & I, the following 
equality holds : 

II vit) \\l - II vo \\l = tdt' 2 Im <v,f> {t') . (2.2) 

Jto 

(2) Let m addition A e VA e L°°) and V e Ll^{I,L°°). 
Then for all t & I, the following equality holds : 

II dtv{t) II2 - II (-(1/2) A^t^o + Vv^ + /) (to) II2 = r dt! 2 Im < dtv, A > {i!) 

Jto 

(2.3) 

where 

/i = I (dtA) ■ Vav + [dtV] v + dtf . (2.4) 
Furthermore the solution is unique in C{I, L^). 

We shall make an essential use of the well-known Strichartz inequalities for the 
Schrodinger equation [2] [10] [22], which we recall for completeness. We define 

U{t) = exp(i(t/2)A) . (2.5) 

A pair of Holder exponents (g, r) will be called admissible if < 2/g = 3/2— 3/r < 1. 
For any r, 1 < r < 00, we define f by 1/r + 1/f = 1. 

Lemma 2.1. The following inequalities hold. 

(1) For any admissible pair {q, r) and for any u & 

II U{t)u]L\IR,U) II < C II M II2 . (2.6) 

(2) Let I he an interval and let to e /. Then for any admissible pairs {qi,ri), 
i^l,2, 

II f'dt' U{--t')f{t')-L^^{I,U^) II < C II f-LHl,U-) II . (2.7) 

In addition to the Strichartz inequalities for the Schrodinger equation, we shall 
need special cases of the Strichartz inequalities for the wave equation [3] [10]. Let / 
be an interval, let tg & I and let B{to) = dtB{to) = 0. Then 

II B;L\I,L^) II < C II nB;L^/^{I,L^/^) \\ , (2.8) 
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II VB-L\I,L'^) II V II dtB;L\l,L^) \\< C\\ VnS; L^/^(7, L^/^) || ^ ^2.9) 

Sup (II VB{t) II2 V II dtB{t) II2) < II aB;L\l,L^) \\ . (2.10) 
tei 

We now begin the construction of solutions of the system (1.4). For any T, to 
with 1 < T < ^0 < 00, we denote by I the interval I — [T, to] and for any t E I, we 
denote by J the interval J = [t, to] . In all this section, we denote by /i a function in 
C([l, 00), IR^) such that for some A > 0, the function h{t) = t^h{t) is non increasing 
and tends to zero as i — > 00, and we denote by j, k nonnegative integers. 

We shall make repeated use of the following lemma. 

Lemma 2.2. Let 1 < q, Qk < 00 (1 < k < n) be such that 

fi = l/q-^l/qk>0 . 

k 

Let fk e L'"= (/) satisfy 

II fk;L'^''iJ) II <Nk hit) (2.11) 

for 1 < k < n, for some constants and for allt E I . 

Let p > such that nX + p > p. Then the following inequality holds for allt E I 

II (llf)}j t-^-L%J) II < C {j{N^ h{tr (2.12) 

where 

C = (1 - 2-«("^+^-^))~^^^ . (2.13) 

Proof. For t e /, we define Ij = [t2^ t2^+^]nl so that J = Ij. We then rewrite 
Li{J)= I] (LI {I j)). We estimate 

II (Uh) t-'-.LV) II < II fn II h^L^'ih) 111 II t-';L"'{h) II ;4 II 



Q 
3 

from which (2.12) follows. 

n 
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Remcirk 2.1. In some special cases, the dyadic decomposition is not needed for the 
proof of Lemma 2.1. For instance if all the qk are infinite, one can estimate 

II Htf t-p ||q < h{ty' II t-p-''^ \\q 

< c h{tY r^-^^+^/i = c h{tY t-p^i" (2.14) 

by a direct application of Holder's inequality in J. The same situation occurs if 
p> H. 

In order to estimate the Hartree interaction term (1.2), we shall use the following 
Lemma. We recall that S{r) — 3/2 — 3/r. 

Lemma 2.3. The following estimates hold. 
(1) 

II g{viV2)vz Wvi < n II ll'-i (2-15) 

l<i<3 

for < = 5{n) < 1, 1 < i < 4, E(^i = 1, < (5i + ^2 < 1. 
(2) 

II g{viV2) lloo < C II -"2 llr-2 (ll f^l lln+ II lln-) (2-16) 

for < 3/ri = 2 - 3/r2 < 2, l/ri± = (1 ^ e)/r^, e > 0. 

Proof. Part (1) follows from the Holder and Hardy- Littlewood-Sobolev inequahties. 

Part (2) is proved by separating into short and long distance parts, applying the 
Holder inequality, and optimizing the result with respect to the point of separation 
(see [1]). 

n 

We can now state the main result of this section. 

Proposition 2.2. Let h he defined as above with A = 3/8 and let X{-) be defined 
by (1.17). Let Ua, Aa, Ri and R2 be sufficiently regular (for the following estimates 
to make sense) and satisfy the estimates 

II d{v''ua{t) \\r < c t-^^''^ /or 2 < r < 00 (2.17) 

and in particular 

II Ua lla < C3 r^/' , II VUa \U < C4 ^^^^ , (2.18) 
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II lU V II dtVuait) \U < c r^'^ , (2.19) 

II ^V^Aa{t) lloo <at-\ (2.20) 

II a/V*^i?i; L\[t, oo), L^) II < n hit) , (2.21) 

II i?2;i^'/'([t,oo),1^4%) II < r2 /i(t) , (2.22) 

for < j + k < 1, for some constants c, c^, C4, a, ri and r2 with C3 and C4 sufficiently 
small and for all t > Tq > 1 . Then there exists T, Tq < T < 00 and there exists a 
unique solution {v,B) of the system (1-4) in ^i[T,oo)). If in addition 

II R2;L\[T, 00), L^) II <r2 t"'/' h{t) , (2.23) 

then VB, dtB e C{\T, 00), L^) and B satisfies the estimate 

II VB{t) II2 V II dtB{t) II2 < C ^ ^1/4 ^^^^j ^2.24) 

for some constant C and for allt>T. 

Proof. We follow the sketch given in the introduction. Let Tq < T < 00 and let 

{v,B) E X([T,oo)). In particular {v,B) satisfies 

II v{t) II2 < A^o h{t) (2.25) 

II v;L\j,L^) II V II V]L'"\J,L^) \\ < Ni h{t) (2.26) 

II B; L\J, L^) II < N2 h(t) (2.27) 

II dMt) II2 < N, h{t) (2.28) 

II Vv;L\j,L^) II V II Vv;L^/'\j,L*) \\ < h{t) (2.29) 

II ^v{t) II2 < TVs h{t) (2.30) 

II VB-L\J,L^) II V II dtB-L\j,L^) \\ < Nq h{t) (2.31) 

for some constants Ni, < i < 6 and for all t > Tq, with J — [t, 00). Furthermore 
from (2.25) (2.30) it follows that 

II Vv{t) II2 < (NoN^f h{t) = iVi/2 h{t) (2.32) 

for all t > Tq. We first construct a solution (v', B') of the system (1.7) in X{\T, 00)). 
For that purpose, we take t^, T < t^ < 00 and we solve the system (1.7) in X{I) 



12 



where / = [T, to] with initial condition {v', B'){to) — 0. Let {v[^, B[^) be the solution 
thereby obtained. The existence oiv[^ follows from Proposition 2.1 with V = g{\u\'^) 
and f — Gi — Ri. We want to take the limit of {v'^^^B'^J as to ^ oo and for that 
purpose we need estimates of {v'/.^^B'f.J in X{I) that are uniform in to- Omitting the 
subscript to for brevity we define 

n;^ = Sup h{t)-^ II v'{t) II2 (2.33) 

N[ = Sup h(t)-^ (II v';L\j,L^) \\ V || v'; L^/'( J, L^) ||) (2.34) 

= Sup h{t)-^ II B';L\J,L*) \\ (2.35) 
tei 

Nli = Sup h{t)-^ II 9tT;'(i) II2 (2.36) 

Ni = Sup h{t)-^ (\\ Vv';L\j,L^) \\ V || Vv'-L^'\J,L'') ||) (2.37) 
te/ ^ ^ 

^"^ = Sup h{t)-^ II Ai;'(t) II2 (2.38) 
ta 

N', = Sup h{t)-' (II VB';L\J,L') \\ V || dtB' ; L\J, L') \\) (2.39) 

where J = [t, 00) fl / and we set out to estimate the various N^. We also define the 
auxiliary quantities 



AT' 2 = Sup hity^ II W{t) II2 (2.40) 
N[/^ = Sup /i(t)-i II VAv'it) II2 (2.41) 



so that in particular N^^^ < iK^bV^"^- 
We shall use the notation 

II f;L^(J,Ln 11 = 11 \\f\\r;L^(J) 11 = 11 11/11. II,, 

namely with the inner norm taken in U{IR^) and the outer norm taken in L'^{J)- 
Furthermore we shall use a shorthand notation for two important cases, namely 

II • ;L\J,L') II = II • 11+ and || • ■L"\J,L^"') || = || • ||, . 

We first estimate N'q, defined by (2.33). Prom (2.2) we obtain 

II v\t) II2 < II Gi 11+ + II i?i 11+ 
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with Gi defined by (1.5). We estimate 

II B ■ VUa 11+ < II II -B II4 II VUa II4 111 < C C4 A^2 h{t) 

by Lemma 2.2, 

II B ■ AaUa 11+ < II II -B II4 II Aa ||oo || l^a \\i ||l 

<caN2h\\ r^/^ II4/3 <caN2 t'^ h{t) , 

II B^Ua 11+ < II II S \\l II Ua Hoc ||l < C \\ t'^^^ ^ < C t'^ h{tf , 

II g{UaV)Ua 11+ < C II II II2 II Ua \\l ||l < C cl Nq h{t) 

by Lemma 2.3, part (1) and Lemma 2.2, 

II g{\v\^)Ua 11+ < C II II f II3 II V II2 II Ua \\z 111 

< C C3 iVo iVi t^'* hitf 

by Lemma 2.3, part (1) and Lemma 2.2 again. 
Collecting the previous estimates yields 

K < Co(c4 N2 + caN2 + clNo + c T'^ h{T) 

+c A^o T~^'^ h{T) + n) (2.42) 

which is of the form 

A^o < Co (c4 N2 + TVo + ri + (o(l); TVq, A^i, ^^2)) (2.43) 

where (o(l); •,•••,•) denotes a quantity depending on the variables indicated and 
tending to zero as T ^ 00 when those variables are fixed. 

We next estimate the Strichartz norms of f', namely defined by (2.34). By 
Lemma 2.1, in addition to the contribution of Gi — Ri estimated above, we need to 
estimate 

lA-Vv' + {l/2)A\' + g{\u\')v' 
in some Lfl{J,U') for admissible {q,r). We estimate 

II Aa ■ Vv' 11+ < a N[i2 II r^h 111 < 3a 7V(/2 h{t) , 

II Alv' 11+ < N'q II r'^h 111 < N'^ h{t) , 
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II B ■ Vv'; L^/'(J, L^/^) II < II II 5 ||4 II Vv' h \\s/5 <C N2 N[,^ h{t) h{t) , 
by Lemma 2.2, 

II B\';L\J,L'">) II < C II II S llf II VB ||f || v' h h < C nI'^ nI''' N', h{tf 
by Sobolev inequalities and Lemma 2.2, 

II g{\ua\')v' 11+ < II II g{K\^) lloo II v' h 111 <Cc'K Ht) 
by Lemma 2.3, part (2), 

II g{\v\')v';L'/'{J,L'/') \\ < C \\ \\ v h II v h II V h lU/s < C N^ t'/' h{tf 

by Lemma 2.3, part (1) and Lemma 2.2. The term g(uav)v' need not be considered 
because it is controlled by the previous ones. 
Collecting the previous estimates yields 

N[ < Ci{c4 N2 + caN2 T'^ + Nq + c T'^ h{T) + c No T^^^ h{T) 

+ (c^ + + nI'^ nI'^ h{Tf + A^o A^i T'^'^ h{Tf) N'^ + ri 

+ aN[/2 + N2N'y2h{T)] (2.44) 

which is of the form 

N[ < Ci (C47V2 + c^A^o + c^K + «^V2 + ^1 + (0(1); No, N,, N2, Ne, 7V^, N[/^)) . 

(2.45) 

We now turn to the estimates of B'. We first estimate B' in L'^{J,L^), namely 
we estimate N2 defined by (2.35), by the use of (1.5) (2.8). For that purpose we 
estimate G2 in L^/^{J, L^'^). The hnear terms in V are estimated by 

II vVUa II* < II II II2 II Vm„ II4 II4/3 

< C4 No II r^/^/i II4/3 < 2c4 No h{t) , 

II vAaUa II* < II II V II2 II Aa ||oo || Ua \\a 

< ac NoW r^'^h II4/3 < acNo t'^ h{t) . 
The linear term in B is estimated by 

II B\Ua\^ II* < II II -B II4 II Ua \\l II4/3 

< N2h II r^/^ II2 < N2 h{t) . 
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The quadratic terms in are estimated by 



II vVv ||*<|| II V II4 II Vv II2 II4/3 <C Ni/2 h{t) h{t) , 
by Lemma 2.2, 

II Aa\v\'^ II* < II II II4 II V II2 II Aa lloo \U/3 

< aNoNihW r^h lls/s < a Nq Ni r^'^ h(tf . 
The quadratic terms in Bv need not be considered because 



2\vBua\ < 

The cubic term B\v\'^ is estimated by 



B\Ua\ 



+ 



B\v\ 



II B\v\'' \U < II B;L\L^) \\ \\ v-L\U) f'^ \\ v-L^{L^) f'^ 

<C N2 TVf ^ Nlj^ h{tf 

where 3<r=18/5<4so that (3, r) is an admissible pair and that the middle 
norm is controlled by A^i. 

Collecting the previous estimates yields 

K < C2{ci No + acNo T"^ + N2 T'' + 

+Ni Ni/2 h{T) + aNoNi T-^/^ h{T) + N2 nI'^ N^j^ h{Ty} (2.46) 

which is of the form 

K < C2 (c4 No + r2 + (0(1); No, m, Ni/2, N2)) . (2.47) 

We next complete the estimates of B' by estimating V-B' and dfB' in L^{J,L'^), 
namely we estimate iVg defined by (2.39), through the use of (1.5) (2.9). For that 
purpose we estimate VG2 in L'^^^{J, L'^^^)- Now 



VG2 = 2 P lm(^{Vv)VAV + {Vv)VAUa + {VUa)VAv) 

-P{VA) {\vf + 2 Re Uav) - P{VB)\ua\'^ - 2 P B Re UaVua . (2.48) 

The estimate of VG2 in L^^^{J,L^/^) proceeds exactly as that of G2 in the same 
space, with one additional gradient acting on each factor in each term, except for 
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two facts. First because of the symmetry of the quadratic form P Im (iJiVaI'2), 
we can always ensure that no terms occur with two derivatives on v or Ua- Second, 
the quadratic terms coming from vBua have to be estimated exphcitly because they 
are no longer estimated by polarisation. When hitting and additional gradient 
produces a replacement of A^o by and of A^i by A^4 in the estimates. When 
hitting B, it produces a replacement of N2 by Nq. When hitting Ua or Aa, it only 
requires higher regularity of these functions, but does not change the form of the 
estimates. With those remarks available, only the terms from Vi^Bug) and from 
SVji'p need new estimates. 

The linear terms in v are estimated by 

II {yv)VUa II* < 2C4 iVi/2 hit) , 

II {Vv)AaUa \\*<ac Ny2 h{t) , 

II v{VAa)Ua + vAaVUa ||* < 2a C Nq h{t) . 

The linear terms in B are estimated by 

II (VS)|ii„|2 II, < TVe h{t) , 

II BUaVUa II* < N2 h{t) . 

The quadratic terms in v'^ are estimated by 

II |Vt;p II* < II II Vv II4 II Vv II2 II4/3 <C Ni/2 h{t) h{t) , 

II {Vv)AaV II* < II II VV II2 II Aa lloo || V \\i ||4/3 < « iVi/2 Ni t"^/^ h{tf , 

II (V^a)kr II* < a ATo TVi r^/^ h(tf . 
The quadratic terms in Bv are estimated by 

II {Vv)Bua II* < II II Vv II2 II B II4 II '^a lloo II4/3 
< c A^i/2 N2 h II II2 < c A^i/2 A^2 ^"^ h{tf 

and similarly 

II v{VB)Ua II* < C A^o ^"^ /iW^ , 

II vBVua II* <cNoN2 h{tf . 
The cubic terms from B\v\'^ are estimated by 

II (VS)|t;|2 II, < C ATg Ar3/2 ^1/2 ^^^^3 ^ 
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II BWv \U < C II B;L\L^) II II v-L\L') f/^ || \/v-L\L') f'^ 

< c N2 nI'^ nI'^ h{tf . 

Collecting the previous estimates yields 

K < Ce{ci Nr/2 + ac{Ny2 + A^o)^-' + ^{N^ + Nq)T-^ + r2 + Ny^ h{T) 
+a{Ni/2 + No)Ni T-^/^h{T) + c [N2 + A^2 A^o + Nq) T'^ h{T) 
+ (TVs A^i^' Nlj^ + N2 iVf) h(TY} (2.49) 

which is of the form 

K < Ce (c4 iVi/2 + r2 + (0(1); iVo, iV^, N^/2, N4, N2, iVg)) . (2.50) 

We now come back to the estimates of v' and we first estimate dfv' in L^, namely 
we estimate defined by (2.36) by using (2.3). Here however we encounter a 
technical difficulty due to the fact that B a priori does not satisfy the assumption 
V-B e L]^^{I,L°°) needed in Proposition 2.1, part (2) in order to derive (2.3). We 
circumvent that difficulty by first regularizing B, introducing the associated solution 
v' which then satisfies (2.3), deriving the N!^ estimate for the auxiliary solution, and 
removing the regularization by a limiting procedure, which preserves the estimate. 
Here in order not to burden the proof with technicalities, we provide only the deriva- 
tion of the estimates from (2.3) and we refer to the proof of Proposition 3.2, part (1) 
in [7] for the technical details. Prom (2.3) (2.4) with V = g{\u\^) and f^d- Ri, 
we obtain 

II dtv' II2 < II i{dtA) ■ Vav' + {dtg{\u\'')) v' + dtd - dtRi ||+ + || (d - Ri){to) h 

(2.51) 

with Gi defined in (1.5). 

We first estimate the terms containing v', starting with i{dtA) ■ Vav'- 

II {dtAa) ■ Vav' 11+ < II II dtAa Hoc II Va^;' II2 111 

< a Ny2 II r^h 111 < 3a iV{/2 h{t) , 

II {dtB) ■ Vv' 11+ < II II dtB II4 II V^;' II4 ||i < C Nq N'^ h{t) h{t) , 

II {dtB) ■ Aav' 11+ < II II dtB II4 II Aa ||oo II II4 111 

< aNQN[ II ||8/3 <aNQN[ r^l^ h{tf , 
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II {dtB) ■ Bv' 11+ < C II II d,B \U (II 5 lU II VB 111) II v' lU 111 
< C nI'^ nI'^ N'^t"'^ h{tf 

by Lemma 2.2. 

We next estimate the terms coming from {dtg{\u\^))v' . 

II g {UadtUa) v' 11+ < II II 5^ {UadtUa) ||oo || v' ||2 \\\ < C N'q h{t) , 

\\g{uadtv)v' 11+ < II II giuadtv) \\^ \\ v' Ih ||l < C C TVg K Ktf , 
\\g{{dtU,)v)v'\W < CcNoN'^h{tf 
by Lemma 2.3, part (2) and Lemma 2.2, 

\\g{vdtv)v' 11+ < II II lis || dtv h \\ v' h lli < C N[ h{tf 

by Lemma 2.3, part (1) and Lemma 2.2. 

We next estimate dtGi. The estimates are similar to those performed when 
estimating v' in L^, with an additional time derivative acting on each factor in 
each term. This has the effect of requiring more regularity on [AaiUa) when that 
derivative hits {Aa.,Ua)-, without changing the form the estimate, and of replacing 
one factor N2 by iV^ when that derivative hits B and one factor A^o by A^3 when that 
derivative hits v. Thus we obtain 

II {dtB) ■ WA.Ua 11+ < N^{C c^ + ac r^)h{t) , 

II B ■ dtVA^Ua 11+ < c N2(C + a r^)h{t) , 

II (dtB)Bua 11+ <cN2Ne t'^ h{tf , 

II B'^dtUa 11+ < c Nl h{tf . 

II dt {g{UaV)Ua) 11+ < C C3 {c^N^ + c TVo) h{t) 

II dt {g{\v\'')ua) 11+ < C TVi (C3 iVa + c N^) t^/^ h{tf . 

We finally estimate || dtv'ito) II2 and for that purpose we need pointwise (in time) 
estimates of Ri and of B. Now from (2.21) it follows that 

II Ri{t) II2 < II dtRi 11+ < ri h{t) (2.52) 

while from (2.27) (2.31) 

II B{t) \\\ < 4 dt' II B{t') \\l II dtB{t') II4 < ml N, hit)' 
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and therefore 

II B{t) \U < iV2 h{t) = V2(nI N^)"^ hit) . 

We then estimate 

II G\ II2 < II B II4 (II VUa \\a + II Aa lloo || Ua \U) + || B \\^ \\ 

"^a 00 

+ II 9 + 2Re UaV^ lie || Ua II3 

< c %{! + a t-^)t-^/^hit) + c Nj hitf 

+C{cl No h{t) + C3 TVo^' Nlj^ r^/^ h{tf) (2.53) 

by Lemma 2.3 for the terms containing g and the definitions. 

Collecting the previous estimates and in particular (2.52) (2.53) taken at > t, 
we obtain 

K < C3{a Ny2 + C4 TVs + c iV2 + c a{Ne + N2)T-' + 4Ns + c\No + iV^) + n 

+Ne N'^ h{T) +aN^N[ T'^'^iT) + c A^2(A^6 + N2)T-^h{T) 
+c {N3 + No) AT^ h{T) + c (iVa + A^o) Ni T'^/^ h{T) 
+nI'^ Nl'^'Ni h{T) h{T) + A^i A^3 N[ T-^'^ h{T)^ 

+c N2(l + a T-^)T-^I'^ + cN^ T'^^'^ h(T) 
+4 No + C3 iVo'^' Nlji h{t)} (2.54) 

which is of the form 

A^3 < C3(aiV(/2 + C4 iVe + ciVs + c^ iV3 + c2(iVo + iV^)+ri 

+(o(l); TVo, iV^, TV,, N[, Ny^, N^, N^, N^, K, N^)) . (2.55) 

We next estimate || Aav' II2 • From (1.7), we obtain 

II A^^;' II < 2 (II dtv' II2 + II gi\u\')v' II2 + II Gi II2 + || Ri h) 
< 2{N^ + n)h{t)+ 2 II 5r(|ii|V II2 +2\\G^\\2 . 

Furthermore 

ii^(i«ivii2 + II 112 < II ^(i«r) lloo ih' 112 + 11G1II2 

<cN2{i + a t-^)r^H{t) + c Nl r^/' h{t)^ + c(/ n;, h{t) 

20 



+No Ny2 K h{tf + 4 No h{t) + C3 A^o'" Nlj^ t'^''' Htf) = h{t) (2.56) 
by Lemma 2.3 for the terms containing g and by (2.53), so that 

W^Av'it) h < 2(7V^ + ri + Mi)/i(t) 

= 2(N;, + n + {o{l)-N2,No,K,N,/2))h{t) . (2.57) 



As a consequence, 



N' < (2iV^(Ar^ + ri + Afi(T)))^/' 



< (2iV^(iV^ + ri + (o(l);7V2,A^o,A^o,A^i/2))) ■ (2.58) 
We next estimate || Av'{t) ||2 , namely defined by (2.38). From 
Aav' = Av' - 2iAa ■ Vav' - 2iB ■ Vv' + {Al - B^)v' 

we obtain 

II At;' II2 < II Aav' h + 2 |L || Vav' h + || ||L II v' 



00 II l|2 

4 II V't7 ||4 -r II -D ||4 II V lloo . 



+ 2 II 5 II4 II Vv' II4 + II B Wl II v' 



Now 

II Vv' \U < C II Av' 11^ II v' llf , 



v' lU < C II At;' llf II v' , 



and therefore 



At;'||2 < (l + £) II A^t;' II2 +(! + £'') 11^ II t;' 



.2 

2 -r Ly£ II -D ||4 II U ||2 . 



+ e II At;' II2 +Ce\\B \\l \\ v' 



Taking e — l/?> yields 

II At;' II2 < 2 II A^t;' II2 + C (|| A ||L + II B \\ v' h 
and therefore by (2.38) (2.57) 

< 4 (A^3 + ri + Ml) + C (a? T'^ + TVf h{T)^) N^^ (2.59) 
which is of the form 

A^5 < 4 (a^3 + ri + (0(1); N2, No, 7V^, iVi/2)) ■ (2.60) 
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We finally estimate the Strichartz norms of Vv'. For that purpose, by Lemma 
2.1, we have to estimate the following quantity in the sum of spaces of the type 
Lfl{J,U') for admissible pairs (g, r) : 

Q = v(iA- Vv' + (l/2)W + ^(|ii|')^;' + G'i-i?i) 

= lA ■ VV + iVA ■ Vav' + {l/2)A^Vv' + V {g{\u\'^)v') + VGi - Vi?i . 

(2.61) 

The estimates are similar to those performed when estimating || v' II2 and the 
Strichartz norms of v' (see the proof of (2.42) (2.44)), with an additional gradient 
acting on each factor in each term, thereby producing the replacement of A^o by 
of A^Q by N[i2, of N[i2 by and of N2 by Nq at suitable places. More precisely, 
the terms containing v' are estimated by 

II ■ VV 11+ < II II Aa lloo II ^v' II2 111 < 3a N'^ h{t) , 

II VAa ■ Vav' 11+ < II II VAa lloo || ^ av' h ||i < 3a N[/2 h{t) , 
II AlVv' 11+ < II II A, \\l II V^;' II2 111 < a' N[,^ h{t) , 
II B ■ VV;L«/5(J,L^/^) II < II II S II4 II A^;' 1^ \\s/5 < C N', h{t) h{t), 

II VB ■ Vav'; L«/'( J, L^/') || < || || VB \U \\ W II2 \\s/5 

< C Ne N'y^ h{t) h{t) , 

\\B^Vv'-L\j,L^"')\\ < C|| ||5|iri|Vi?||y'|| V^;'||2||2 

< C Nl'^ Nl'^ N[/^ h{tf , 

II V {g{\ua\'')v') 11+ < Cc^ {N', + iV{/2) h{t) , 

II V {g{uav)v') ■ L^/%J, L3/2) II < C c (tVo K + No N[/, + Ny^ K) t^'^ h{tf , 

II V {gi\v\')v') ; lV3( J, l'/^) \\ < C N, {n, N[/, + N',) t"' h{tf 

where we have used again Lemmas 2.2 and 2.3 in the estimates of the terms con- 
taining g. 

The terms from VGi are estimated by 

II VB ■ VAaUa 11+ < A^6 (C C4 + C a t'^) h{t) , 
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II B ■ VVAaUa 11+ < C cN2[l + a r^) h{t) , 
II B'^Vua 11+ < c h(tf , 

II B{VB)ua 11+ < c A^2 t-^ h{tf . 
II V {g{uav)ua) 11+ < C C3 (cg Ny^ + c A^o) /^(i) , 
II V {g{\v\^)ua) 11+ < C TVi (c3 iVi/2 + c No) t^'^ h{tf . 
Collecting the previous estimates yields 

K < CA{a + K,^) + K/2 + c (A^6 + N2) (1 + a T-^) 

+ (tVo + A^o + ^1/2 + A^V2) + ri 
+ (iV2 iV^ + iVe iV(/2) M^) + c iV2(iV6 + iV2)T-i /i(T) 
+ c ((7V1/2 + iVo) (iVi + iV^) + TVo N[/^) r-V8 ^(T) 
+ 7V|^' Nl'^ N'y^ h{Tf + TV, (tVo TV^^^ + 7Vi/2 iV^) T'^'^ h{Tf} (2.62) 
which is of the form 

K < (a (iV^ + iVj/^) + c{Ne + N2) + c? [No + iV^ + iVi/2 + N[^^) + n 

+ (o(l); iVo, iVi, Ari/2, iVi/2, iV{/2, iV^, iV2, iVg)) . (2.63) 

From the previous estimates, more precisely from (2.42) (2.44) (2.46) (2.49) (2.54) 
(2.59) (2.62), it follows that the A^/, < i < 6 are estimated in terms of the A^j, 
< i < 6, provided T is sufficiently large. In fact (2.42) (2.46) (2.49) provide 
estimates of A"q, N2 and A'g. Denoting by C a general constant depending on T and 
on the Ni, it follows from (2.44) (2.59) and from the definition of A^(/2' ^1/2 ^^^^ 

Ar( < C (1 + N[/,) , N[/, V iV(/2 < C (1 + N',)'/' , N^<AN;, + C (2.64) 

so that it remains only to estimate A^g and N'^. Substituting the previous estimates 
into (2.54) (2.62) yields 

' A^3 < C'a Nq N'^ h(T) + terms subhnear in A^^ 

(2.65) 

N'^ < ACi N^ (a + N2 h{T)) + terms subhnear in A^^ 
which ensure the required estimate of A^g, N'^ provided T is sufficiently large so that 

4C3 C4 (a + Ar2 h{T)) Ne h{T) < 1 , (2.66) 
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which we assume from now on. Note that the terms responsible for that large T 
condition are the terms dfB • Vv' from (2.51) and A ■ V^v' from (2.61). No such 
condition was required at this stage in the simpler case of the (WS)3 system [8]. 
The estimates obtained for the are obviously uniform in to. 

We now take the limit to ^ oo oi {vl^,B^J, restoring the subscript to for that 
part of the argument. Let T < to < ti < oo and let {v'^^, B',.^) and (v^^,S^J be the 
corresponding solutions of (1.7). Prom the norm conservation of the difference 
'"to ~ ^ti f^O"^ (2-42), it follows that for all t e [T, to] 

II <{t) - <(i) II2 = II <(to) II2 < Ko h{to) (2.67) 

where Kq is the RHS of (2.42), while from (1.7) (2.8) (2.9) (2.46) (2.49) and the 
initial conditions, it follows that 

\\Bi^-B[^;L\[TM:Wl)\\ V \\ d,{B',^ - B',J; L\[TM: L') \\ 

< C\\G2- R2; L^'\[to. ti], Wl,^) II < {K2 + K^)h{to) (2.68) 

where K2 and Kq are the RHS of (2.46) and (2.49) respectively. 

It follows from (2.67) (2.68) that there exists {v',B') e L^^ ([T, 00), L2)e 
LL([r, 00), Wl) with dtB' e LL([r, oo), L^) such that «, converges to {v' , B') 
in that space when to — > 00. Prom the uniformity in to of the estimates (2.42) (2.46) 
(2.49), it follows that {v',B') satisfies the same estimates in [T, 00), namely that 
(2.43) (2.47) (2.50) hold with N'^ defined by (2.33) (2.35) (2.39) with I = [T, 00). Pur- 
thermore it follows by a standard compactness argument that {v' , B') e X{\r, 00)) 
and that v' satisfies the remaining estimates, namely (2.45) (2.55) (2.60) (2.63) 
with the remaining N[ again defined by (2.34) (2.36) (2.37) (2.38) with I = [T, 00). 
Clearly {v',B') satisfies the system (1.7). 

Prom now on, I denotes the interval [T", 00). The previous construction defines 
a map (f) : {v, B) — > [v' , B') from X{I) to itself. The next step consists in proving 
that the map is a contraction on a suitable closed bounded set TZ of X{I). We 
define TZ by the conditions (2.25)-(2.31) for some constants Ni and for all tel. 
We first show that for a suitable choice of and for sufficiently large T, the map 
(j) maps 7^ into 7^. By (2.43) (2.45) (2.47) (2.50) (2.55) (2.60) (2.63), it suffices for 
that purpose that 
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' <) Co(c4 N2 + 4No + n + 0(1)) < No 

{N[ <) Ci(c4 N2 + 4N0 + iV^ + aiV(/2 + ri + o(l)) < A^i 

(A^2 <) C'2(c4 A^o + r2 + 0(1)) < N2 

(A^6 <) Ce{c4 N,/2 + r2 + o(l)) < 

(A^3 <) <^3(a N[/2 + C4 iVe + c iV2 + ci iV3 + c2(7Vo + 7V() + n + o(l)) < iVg 

(A^i <) C^la (iV^ + iV(/2) + c{N, + iV2) + c\No + N(, + N,/2 + N[^^) 
+ri + 0(1)) < 



{N^<) 4(iV^ + ri + o(l)) <7V5 

(2.69) 

where we have omitted the dependence of the o(l) terms on Ni and N^. We know 
in addition that 

A^V2ViV(/2<2(iV^(iV^ + ri + o(l)))'^' . (2.70) 

In order to ensure (2.69), we proceed as follows. We first choose A^o and A'2 by 
imposing 

' No = Co (C4 N2 + clNo + n + 1) 

(2.71) 

, ^"2 = C2 (C4 A^o + r2 + 1) 
which is possible under the smallness condition on C3 , C4 

Co {C2 4 + 4) <1, (2.72) 

and we impose the condition that o(l) < 1 in (2.43) (2.47) by taking T sufficiently 
large (depending on A'o, A'2 just chosen and on A^i/2, A^i to be chosen later). This 
ensures the A'q < Nq and N2 < N2 parts of (2.69). Furthermore one can replace A'^ 
by A^o in all the remaining estimates. We next impose 

ATg = 4 (ATa + n + 1) 

ATe = Ce (c4(Aro N^f'^ + + l) = Cg (2C4 (Aro(Ar3 + n + 1))'/' + r2 + l) 

(2.73) 
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and we impose o(l) < 1 in (2.50) and (2.60) by taking T sufficiently large depending 
on the relevant Ni. This ensures the < Nq part of (2.69) together with the 
inequality 

iVs < 4 (iV^ + ri + 1) (2.74) 

which will ensure the A^^ < part of (2.69) as soon as the A'^^ < part holds. 
Furthermore, under the choices and assumptions made so far, (2.74) implies 

K/2 V N[/2 < 2 {NoiK + ri + l)f' . (2.75) 

We now substitute (2.75) into (2.44), we substitute (2.74) (2.75) into (2.62) and wc 
substitute the results and (2.75) again into (2.54), thereby obtaining an estimate of 
the form 

K < f{K{N,})^C,{2a{No{N;, + r, + l)f' 
+C4 C, (2c4 (iVo(iV3 + ri + 1))'/' + r2 + l) 
+c N2 + 4 N3 + 2c' No + ri + o{l)) (2.76) 

where /(iVg, {Ni}) is a positive increasing concave function of N^ for fixed T and 
Ni. It follows therefrom that (2.76) will imply < A^3 provided we ensure that 

Ns>f{Ns,{Ni}) . (2.77) 

This is obtained by imposing 

Ns = C3{2{a + Cecl){No{Ns + ri + l)f' + c^Ce{r2 + l) 

+c N2 + clN-i + 2(? A^o + ri + l) (2.78) 

which is possible under the smallness condition C3C3 < 1, and by imposing that 
0(1) < 1 in (2.76) by taking T sufficiently large depending on the N^. 

It is then a simple matter to choose A^i and A^4 in order to ensure the N[ < Ni 
and N^ < N^ parts of (2.69), since all the N^ in the RHS of (2.44) and (2.62) are 
now under control. It suffices to choose 

Ni = Ci (c4 N2 + 2^ No + a{No N^f" + ri + l) (2.79) 

Ni = C4 (a A^5 + (a + 2c2)(A^o ^^5)'^' + c{Nq + ^^2) + 2c'A^o + ri + l) (2.80) 

and to impose that o(l) < 1 in (2.45) (2.63) by taking T sufficiently large depending 
on the Ni (with the Nl in the o(l) terms being estimated by the Ni). 
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We now show that the map is a contraction on TZ for a suitable norm defined 
on X{I). Let {vi,Bi) e TZ and (v-, = (j){{vi, Bi)), i = 1,2. For any pair of 
functions /i, /a, we define f± = (l/2)(/i ± /a) so that /i = /+ + /_, = /+ - /_ 
and {fg)± = f+g± + f^g^. In particular u+ ^ Ua + v+, ^ v^, A+ ^ Aa + B+, 
A- — (A^)_ = —2iB^ • Va+, and similarly for the primed quantities. Since 
TZ is convex and stable under 0, {v+, B+) and (v^, B'j^) belong to TZ, namely satisfy 
(2.25)-(2.31). Corresponding to (1.7), {v'_,B'_) satisfies the system 

' idtv'_ = -(1/2)(A^)+^;^ + g{\u\l)v'_ + iB_ ■ V^+K + <) 

+g (2Re(Ma + v+)v.) {ua + O (2.81) 

_ nB'_^2Plv[v{v-VA+{Ua + V+))-P B^{\Ua + V+\^+\v4^) . 

Here however, in contrast with the case of the (WS)3 system where the corre- 
sponding map can be shown to be a contraction for the whole norm of X{I), we 
encounter a difficulty due to the derivative coupling in the covariant Laplacian. In 
fact if D is a differential operator of order m, a straightforward energy estimate of 
II Dv'_ II2 from (2.81) yields 

dt II Dv'_ II2 < II -B_ • DV A+v'j^ II2 + other terms 

and requires therefore a control of v'^^ at order m + 1, so that one can hope to 
contract norms of v of degree at most one less than those occurring in the definition 
of X{I). Fortunately, because of the special algebraic properties of the equations, 
it turns out that the lowest two semi norms of X{I) for the differences, namely 
those corresponding to A^o and A'^a, can be decoupled from the higher ones and can 
be contracted on the bounded sets of X{I). This follows from the fact that the 
symmetry of the quadratic form P lm.{j]{W AV2) has made it possible to avoid having 
a gradient acting on v_ in the equation for B'_ in (2.81). Thus we shall show that 
is a contraction for the pair of semi norms 

f A^o = Sup h{t)-^ II v{t) II2 , 
te-f 

(2.82) 

A^2= Sup /i(t)-^ II S;L^([t,(X)),L^) II . 
te-f 

Let {Nq_,N2-) and {Nq_,N2_) be the corresponding semi norms of {v-,B_) and 
{y'_, B'_) respectively. We have to estimate {Nq_, A^2-) terms of (A^o-, -^2-)- We 
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first estimate Nq_. Prom (2.81) we obtain 

II v'_{t) II2 < II S_-Va+K+0 11+ + \\9{2Re{ua + v+)v^) K+O 11+ . (2.83) 
The terms not containing v'_^_ are estimated as in the proof of (2.42), namely 

II S_ • VUa 11+ < C C4 A^2- h{t) , 

II S_ • AaUa 11+ < c a N2-. h{t) , 
II B_B+Ua 11+ < c A^2- N2 h{tf , 

II g {UaV-) Ua 11+ < C C3 A^o- h{t) , 

II g {v+v^) Ua 11+ < C C3 TVo- A^i i'/^ h{tf . 
We next estimate the terms containing v'j^. 

II S_ • V< 11+ < II II S_ II4 II V< II4 111 < C N2- h{t) h{t) 

by Lemma 2.2, 

II S_ • AaV'^ 11+ < II II S_ II4 II A„ lloo II V'^ II4 111 

< a N2- II lls/s < a A^2- ^ r'^^ h{tf , 

II S_S+< 11+ < C II II S_ II4 (II B+ II4 II VS+ ||3)'^' II II4 111 
< C N2-{N2 Nlf/^ Ni t^/^ h{tf 

by Lemma 2.2, 

\\ g{uaV^)v'^\\+ < C II II lis II II2 II lis 111 

< C C3 No- Ni t^'^ h{tf , 

\\ g{v+v_)v'^\\+ < C II II w+ II3 II II2 II w+ lis 111 

< C No- N^ t^'^ h{tf , 

by Lemma 2.3, part (1) and Lemma 2.2. 
Collecting the previous estimates yields 

N'o- < Co{N2- (c4 + a c T-^ + c N2 T"^ h{T) + N4 h{T) + a N^ T"^/^ h{T) 
+{N2 Nlf'^ Ni r-V4 h{T) h{T)) + No-(cl + c A^i T-^/« /^(T) 
+NlT-^'^h{Tf)} (2.84) 
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which is of the form 

A^o- < Co(a^2-(c4 + 0(1)) + No-{cl + 0(1))) . (2.85) 

We next estimate N2_. From (2.8) (2.81) we obtain 

\\B'_;L\J,L')\\< C(}\v_VA^{ua + v+)\l + ||S_(K|2 + Kn II,) . (2.86) 

The hnear terms are estimated as in the proof of (2.46), namely 

II V-VUa II* < 2C4 A^o- h{t) , 

II V^AaUa II* < a C Nq_ t"^ h{t) , 

II B_\ua\^ II, < A^2- t-^ hit) . 



The non hnear terms are estimated in a shghtly different way. The quadratic terms 
are estimated by 

II v-Vv+ II* < II II V- II2 II Vv+ II4 II4/3 < C No- N4 h{t) h{t) , 

II V-AaV+ II* < II II Aa Hoc || v_ h \\ v+ \U h/s < a Nq. iVi r^/s h{ty , 

II V-B+Ua II* < II II V_ II2 II B+ II4 II Ua ||oo \U/3 

< c No_ N2 h II II2 < c A^o- t-^ h{tf . 

The cubic terms are estimated by 

II V-B^v^ II* < C II II V- II2 (11 S+ II4 II VS+ 11^)'^^ II II4 II4/3 

< C No-{N2Niy/^m t'/' h{tf 

by Lemma 2.2, 

II B_\v+\'' II* < C N2- Nl'^ Nl'il h{tf . 
Collecting the previous estimates yields 

A^2- < C'2{a^o- (c4 + a c T-^ + Ni h{T) + a T'^/^ h{T) + c N2 T-^h{T) 

+ {N2 Nlf/^ T-^l^ h{T) h{T)) + N2- (c' T-^ + nI'^ iV^/l h{Tf) } (2.87) 
which is of the form 

A^2- < C2 (C4 + 0(1)) No- + 0(1) Ar2_ . (2.88) 
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It follows from (2.85) (2.88) that the map is a contraction for the pair of semi 
norms (iVo, iV2) on the set TZ under the smallness condition 

Co{C2cl + cf)<l (2.89) 

and for T sufficiently large. Since the set TZ is closed for the norm defined by the 
pair {Nq,N2), it follows therefrom that the system (1.4) has a solution in TZ. This 
proves the existence part of Proposition 2.2. The uniqueness part follows from (2.85) 
(2.88) again with Nl_ = Ni_. 

We remark at this point that the constants Co, C2 appearing in (2.89) can 
be taken to be the same as in (2.72) so that the two smallness conditions actually 
coincide. In fact those constants are determined by the linear terms in the estimates, 
and those terms are the same in both cases. There may occur additional, different 
constants coming from the non linear terms. They have been omitted in (2.84) 
(2.87). 

It remains to prove the last statement of Proposition 2.2 and for that purpose 
we need to estimate the energy norm of B'. From (1.7) (2.10) it follows that for all 
t e / 

II VB'it) II2 V II dtB\t) II2 < II G2 - R2 11+ (2.90) 

where G2 is defined by (1.5). We estimate the various terms oi G2 successively. The 
linear terms in v are estimated by 

II vVUa 11+ < II II ^ II2 II VWa lloo ||l 

< c TVo II t-^^'^h 111 < 2c No r^'^ h{t) , 

II vAaUa 11+ < II II II2 II Aa ||oo || Ua ||oo ||l 

< ac No\\ r^/'^h 111 < acNo r^/^ h{t) . 
The linear term in B is estimated by 

II B\UaY 11+ < II II ^ lU II Ua II 4 II 1 1 00 111 

< N^h II t-3/4-3/2 11^^^ < ^2 ^-3/2 ^^^^ _ 

The quadratic terms in are estimated by 

II vVv 11+ < II II t; II4 II II4 111 < C A^i ^"4 t^'^ h{tf 
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by Lemma 2.2, 

II Aa\v\^ 11+ < II II Aa Hoc II V \\l ||i 

< a Nl II \U < a r^'^ h{tf . 

The quadratic terms in Bv again need not be considered. The cubic term B\v\'^ is 
estimated by 

II B\v\'' 11+ < C II S;L^(L^) II II v;L^/%L^) f/^ \\ Vv;L^'\L^) f'^ 

<c N2 nI'^ nI'^ h{tf . 

Collecting the previous estimates and using (2.23), we obtain 

II VB'{t) II2 V II dtB'{t) II2 < C(c A^o t-^''' + acNo r^/^ + r^/^ 
+Ni t^'^ h{t) + a Nl h{t) + nI'^ nI'^ h{tf + t-'/^)h{t) 

(2.91) 

which proves that the solution of (1.4) constructed previously satisfies (2.24). 

□ 

Remark 2.2. The only smallness condition on u is the condition (2.72), coming from 
A'^o and from its coupling with N2. The subsequent condition C3C3 < 1 needed for 
the choice of A^3 comes in fact from exactly the same estimate as the C3 contribution 
to Nq, so that the latter condition is actually the C4 = special case of (2.72) and 
is therefore weaker than (2.72). That fact is hidden by the use of overall constants 
Co and C3 in the estimates of Nq and N^. 

3 Remainder estimates and completion of the proof 

In this section, we first prove that the choice of asymptotic functions {ua, Aa) 
made in the introduction satisfies the assumptions of Proposition 2.2 for the choice 
of h made in Proposition 1.1, under suitable assumptions on the asymptotic state 
(m+, A+, A+). We then combine those results with Proposition 2.2 to complete the 
proof of Proposition 1.1. 

We first supplement the definition of {ua, Aa) with some additional properties of 
a general character. In addition to the representation (1.13) (1-14) of Ai, we need 
a representation of dtAi. From (1.12) it follows that 

/■oo 

dtAi{t) = - dt' cos{uj{t' - t))t'-^ P x\ua{t')\'^ (3.1) 
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so that upon substitution of (1.8) we obtain 

dtA,{t) ^ Do{t) X (3.2) 

where 

Ai = — du u'^ cos(a;(i/ — l))Do{iy) P x\w+\\ (3.3) 
On the other hand, from (1.13) 

VAi{t) =t-^Do{t)VAi . (3.4) 

We shall need the operator 

J = J{t) ^x + itV . (3.5) 

The asymptotic form Aa for A has been chosen in order to make R2 small. In fact 
R2 can be rewritten as 

R2 ^nAa + P (r^ Re Ua JUa + {Aa - x/t)\Ua\'') (3.6) 

and Aa has been chosen in such a way that 

DAa = P{x/t)\ua\' (3.7) 

so that 

i?2 = P {t-^ Re Ua JUa + A|^i„|') . (3.8) 

Under general assumptions on {ua,Aa), of the same type as in Proposition 2.2 
(sec especially (2.17) (2.20)) but not making use of their special form, we can prove 
that 7?2 satisfies the assumptions needed for that proposition with the choice of h 
required for Proposition 1.1. 

Lemma 3.1. Let {ua,Aa) satisfy the estimates 

II Ua{t) \\r < c t~^^''^ /or 2 < r < oo , (3.9) 

II ^Ua{t) \U < c t-^'^ , (3.10) 

\\Jua{t)\\2<ci{l + lnt), (3.11) 

II Aa{t) lloo V II VAa{t) lloo < a t~^ (3.12) 
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for all t > 1. Then R2 satisfies the estimates 

II R2;L^/\J,L^^^) II V II VR2]L''/\J,L''/^) \\ < t-\l + £n t) , (3.13) 

II R2; L\J, L^) II < r2 t-'^/'^l + £n t) (3.14) 
for some constant r2 and for all t > 1, where J — [t, 00). 

Proof. We estimate 

II R2{t) II4/3 < II Ma II4 (t~'^ II JUa II2 + II Aa ||oo || h 

< C t-'^^^ c{ci{l + ent) + ac) 
which imphes the first estimate of (3.13) by integration, 

II R2{t) II2 < II Ua lloo (t~^ II JUa h + \\ ||oo || Ua h) 

< t-^/^ c{ci{l + ent)+ac) 

which imphes (3.14) by integration. 

In order to prove the second estimate of (3.13), we note that the quadratic form 

P Re (r ^ vi Jv2 + Aa V1V2) 

is symmetric in vi, V2, so that 

Vi?2 = 2 P Re (t-\VUa) JUa + Aa{VUa)Ua) 
+P{V{Aa + x/t))\Ua\^ 

and therefore 

II Vi?2 II4/3 < C( II Vtia lU (t'^ II JUa II2 + II Aa ||oo || «a Ih) 
+ (11 VA„ lU +t-^) II Ua \U II Ua II2 ) 

< C r^/^ (c (ci(l + £n i) + ac) + c^(a + 1)) 
from which the second estimate of (3.13) follows by integration. 

□ 

Wc now turn to Ri. We first skim Ri of some harmless terms. Expanding the 
covariant Laplacian and using again J, we rewrite R\ as 

Ri^Ri,i + Ri,2 (3.15) 
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where 

Ri,i = idtUa + (1/2)A«„ + t-\x ■ A^)ua - gi\ua\'')ua , (3.16) 

i?l,2 = t-\x ■ Ao)Ua - t-'Aa ■ Ju^ - {ll2)AlUa . (3.17) 

In the same way as for i?2, we can show that i?i^2 satisfies the assumptions needed 
for Proposition 2.2 with the choice of h required for Proposition 1.1 under general 
assumptions on [ua, Ag) not making use of their special form. 

Lemma 3.2. Let Ua, A^ and Aq satisfy the estimates 

II diV^a II2 < c , (3.18) 

II diV^Jua II2 < ci(l + in t) , (3.19) 
II d{v''Aa lloo <at-\ (2.20) = (3.20) 

II div\x ■ Ao) Woo < ao t-^ , (3.21) 
for < j + k < 1 and for allt >1. Then Ri^2 satisfies the estimates 

II v*^i?i,2 II2 < ri,2 r'(i + ent) , (3.22) 

for < j + k < 1, for some constant ri_2 O'^d for all t > 1. 

Proof. We estimate 

II Ri,2 h < ((ao + (l/2)a2)c + aci(l + in t)) , 

II Vi?i,2 II2 < t'^ ((2ao + (3/2)a2)c + 2aci(l + in t)) , 

II dtRi,2 II2 < idem + t~^ ((oq + aci(l + £n t)) . 

□ 

We now turn to We shall need the commutation relations 



WMD = MD (ix + t-^v) = MDV , (3.23) 

idtMD = MD (idt + {l/2)x^ - it'^x ■ V + 3/2)) = MD idt , (3.24) 

JMD = i MD V , (3.25) 

{idt + {l/2)A)MD^MD(idt + {2t^)-^A) . (3.26) 
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In particular (3.23) (3.24) are taken as the definitions of V and dt- Prom the 
choice (1.8) of Ua and from (3.26), it follows that 

= MD (idt + {2t'^)~^A + r^x ■ - r^g{\w+\^)) exp(-i(^)w+ . (3.27) 

The choice (1.15) of (p has been taylored to cancel the two long range terms in (3.27), 
so that 

R^^^ = (2^2)-! MD Aexp{-i(p)w+ . (3.28) 

We now have to prove that the previous choice of {ua, Aa) satisfies the remaining 
assumptions of Proposition 2.2 and of Lemmas 3.1 and 3.2. More precisely we have 
to prove that {ua,Aa) satisfies the estimates (2.17) (2.19) (2.20) (3.19) (3.21) and 
the analogue of (3.22) for Ri^i. (Note that (3.9) (3.10) (3.18) are special cases of 
(2.17) and that (3.12) is a special case of (3.20) which is identical with (2.20)). 

The contribution of Aq to Aa and to it!i,2 will be taken care of by the following 
general estimates of solutions of the wave equation. 

Lemma 3.3. Let Aq be defined by (1-11) and let k > be an integer. Let A+ and 
satisfy the conditions 

V^A+ , Vi+ e , A+eL\ A+e L^'"^ . (3.29) 

Then Aq satisfies the estimates 

(3.30) 

. \\dtA^{t)-W^^^\\< aot-^ fork>l. 

A proof can be found in [20]. As mentioned in Remark 1.2, the assumptions 
G and A+ E L'^/^ serve to exclude constants in A^ and and linear terms 

in X in A+, but are otherwise controlled by the Wi assumption through Sobolev 

inequalities. 

We next derive some preliminary estimates of and Ai. 

Lemma 3.4. Let k > be an integer. Then the following estimates hold. 

II ou'^+^Ai II2 V II u'^Ai II2 <{k + 1/2)-^ II u''x\w+\^ ^ , (3.31) 
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II uj^+\x ■ Ii) II2 < {k- 1/2)-^ (II a;V|w;+|2 ||2 + 2 || u''x\w+\^ h) for k > 1 , 

(3.32) 

II V^ii lloo < C II uj''x\w+\'^;H^ II , (3.33) 

II V'-^Ai lloo < C II cu'^xlw+l^;//! II for k > 1 , (3.34) 

\\V\x-Ai)\\^< C(|| c^'^xV+l^;//! II + II c^'^xlw+l^;//! 11) /or A; > 1 . (3.35) 

Proof. (3.31) follows immediately from (1.14) and (3.3). Prom (1.14) and from the 
commutation relation 

[x; P] = -2a;-^V 

it follows that 

x-Ai^ J°° du a;~^sin(a;(i/ - l))Do{u) {P • (x a;)|w+|^ - 2u;~^V ■ x|w+|^} 

(3.36) 

so that 

II u^^^ X ■ II2 < dv II iJ'D^{y)x''\w^\^ II2 
+2(i/-l) II u;'=+^Do(z/)a;-^x|w+|2 ||2 ) 

< dv (II cuV|w;+p II2 + 2 II J'x\w^\^ II2) 

which implies (3.32). Finally (3.33)-(3.35) follow from (3.31) (3.32) and from the 
fact that i^^ni^^ c L°°. 

□ 

As an immediate corollary, we obtain the following estimates of A\ and dtA\. 

Corollary 3.1. The following estimates hold. 

II A,{t) lloo < C II w+;H^^^ f t-' , (3.37) 

II dtAi{t) lloo V II VA,{t) lloo < C II w+;H^'' f . (3.38) 
Proof. The result follows from (1.13) (3.2) (3.4) and from (3.33) (3.34). 

n 

We next derive the remaining estimates of Ua and of The following propo- 
sition is slightly stronger than needed. 

Proposition 3.1. Let Ua be defined by (1.8) with w+ — Fu+ and with (p defined by 
(1.16) (1.2) (1.14) and let Pi,i be given by (3.28). Let u+ e H^'^ n H^^^. Then the 
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following estimates hold for some constants c, c\ and ri^\, for < j + /c < 1 and for 
allt>l : 

II diV^Ua{t) \\r < c /or 2 < r < oo . (2.17) = (3.39) 

In particular 

II Ua{t) lis < II w+ lla t-'/^ , (3.40) 

II Vii„(t) ||4 < (II XW+ ||4 +0(t-Hn t)) t-^'^ . (3.41) 

II diV^^^Ua(t) \\r < c t-^^"^^ /or 2 < r < 6 , (3.42) 

II div''Jua{t) \\r < ci(l + in t) t-^^''^ /or 2 < r < 6 , (3.43) 

II diV'^RiAt) h < n,i t-^{l + en tf . (3.44) 

Proof. Prom the commutation relations (3.23) (3.24), it follows that for any differ- 
ential operator Z 

II diV^MD Zexp(-i(/j)w+ 11^ = r'^^'") II di V'=Zexp(-i^)w+ ||^ . (3.45) 

From (1.8) (3.28) and from the commutation relation (3.25), it follows that in order 
to derive (3.39)-(3.44) we have to estimate norms of the type 

II dl W''Zex.p{-i(p)w+ \\r 

for < J + A; < 1, for suitable choices of Z and r, and with suitable r-independent 
time behaviour. The relevant choices are 

Z = 1 , 2 < r < oo for (3.39) 

Z = V or V , 2 < r < 6 for (3.42) (3.43) , 

Z = t-^A , r = 2 for (3.44) . 

Expanding df according to the definitions (3.23) (3.24) and omitting the com- 
mutators of derivatives with powers of x and t which generate terms of lower order, 
we are led to estimate norms of the type || Z exp{—iip)w+ \\r for the following choices 
of Z, r : 

Z ^l,x, r^V, a;^ dt, r^x • V with 2 < r < oo for (3.39) , 

z ^x, x^ t-^xV, x^ xdt, r^x^v, r V, r^v^ r^^^v, t'^xv^ 
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with 2 < r < 6 for (3.42) , 



Z = V, xV, r x^V, dtV, r^xV^ with 2 < r < 6 for (3.43) , 

Z = A, xA, VA, x^A, dtA, r^xVA with r = 2 for (3.44) , 

where we have omitted an overall factor in the last case. 

We expand the derivatives acting on exp{—i(fi)w+ by the Leibnitz rule and we 
estimate the expressions thereby obtained by the Holder inequality. For that purpose 
we need some control of (p. Prom Lemma 2.3 it follows easily that for w+ e H^, 
V^(|w+p) e H"^ and in particular V*^^(|w+p) e L~ for < A; < 3. Together with 
Lemma 3.4, this provides an estimate of || dlV^^p \\r for j — 0, 1, for k — 1,2 and 
r — oo and for A; = 3 and r = 6. With that information available, we apply the 
Holder inequality according to the following rules : 

(i) all the explicit powers of x are attached to Wj^. In addition, whenever there 
appears a factor dt^p (with no space derivative), one power x is extracted from the 
Ai part of dfip and attached to (since Ai belongs to L°° but a priori dt^ does 
not). 

(ii) The x amputated contribution of dt^p generated by rule (i) and all the factors 
d^V^ip with k — 1,2 are estimated in L°°. The factors V^</? are estimated in (in 
fact in H^). Such factors occur only from the t'^x^VA terms in the proof of (3.44). 

(iii) The previous rules generate norms of the type || x^V^Wj^. \\r for Wj^. Those 
norms are estimated hj norms of the same quantities for 2 < r < 6 and by 
norms for 6 < r < oo. 

(iv) The time dependence of the various terms follows from the explicit t depen- 
dence of the operators Z of the previous list, together with the fact that || dt'V''(fi \\r 
generates a factor for j — 1 and a factor in t for j — 0. 

With the previous rules available, the proof reduces to an elementary book keep- 
ing exercise, which will be omitted. We simply remark that the dominant terms as 
regards have ,t^V, x^V^ and xS/^ which are exactly controlled by the assumption 

e n H^'^, equivalent to the assumption e H^'^ fl H^'^. As regards the 
time dependence, the dominant terms come from V9? in the proof of (3.43) thereby 
generating a factor Cm t, and from x^Aexp{—i(p) in the proof of (3.44), generating 
x^lV^?^ and therefore a factor [£n t)^. 

Finally (3.40) is the special case j = A; = 0, Z = l,r = 3of (3.45), while (3.41) 
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follows from the estimate 



VwaW lU < (II XW+ \U + (II Vw+ II4 + II Vip lloo II w+ II4)) r'/^ . (3.46) 



We can now complete the proof of Proposition 1.1. 

Proof of Proposition 1.1. It suffices to show that the assumptions of Proposition 
2.2 are satisfied for the choice h{t) — t~^{2 + £n tY made in Proposition 1.1. Now 
the assumptions (2.17) (2.19) follow from (3.39) (3.42) of Proposition 3.1, the as- 
sumption (2.20) follows from Lemma 3.3 and Corollary 3.1. The assumption (2.21) 
follows from Lemma 3.2 as regards it!i_2 and from (3.44) of Proposition 3.1 as regards 
The assumptions (3.11) of Lemma 3.1 and (3.19) of Lemma 3.2 are special 
cases of (3.43). The assumption (3.21) of Lemma 3.2 follows from Lemma 3.3 and 
from the fact that if Aq is a solution of the free wave equation 0^40 in the Coulomb 
gauge V • ^0 = 0, with initial data (^4+,^+), then also x ■ Aq is di, solution of the 
free wave equation, namely n{x • Aq) — 0, with initial data {x ■ ^4+, x • A^). Finally 
the assumptions (2.22) (2.23) follow from Lemma 3.1. 



The smallness conditions needed for Proposition 2.2 bear on C3 and C4. Now 
from (3.40), C3 =|| w+ \\^ while from (3.41) or (3.46) 



Since the estimates are used only for t > T, one can replace Tq by T in that 
expression, and the last term can be made arbitrarily small by taking T sufficiently 
large, so that the smallness condition of C4 reduces to the smallness of || xw+ II4. 



Remark 3.1. The regularity assumptions on or could be somewhat weak- 
ened. The strongest assumptions come from the Aw^ term in Rn and from the 
x^, xV^ and a;^V operators Z in the estimate of dtVua- On the one hand the Aw^ 
term in Ri^i could be eliminated by the choice 



at the expense of generating either a more complicated and less explicit if or addi- 
tional terms in R2. On the other hand, we have obtained on estimate of dtVua 
whereas an estimate was sufficient. Only a minor weakening of the assumptions 
on 14+ could be achieved along those lines, and we shall not press that point any 
further. 



n 




□ 



w{t) = u{i/tyw+ 
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